In the paper, we introduce a new notion of reduced linear c-shift operator L r c f , and with the aid of this new operator, we study the uniqueness of meromorphic functions f (z) and L r c f sharing two or more values in the extended complex plane. The results obtained in the paper significantly improve a number of existing results. Further, using the notion of weighted sharing of sets, we deal the same problem. We exhibit a handful number of examples to justify certain statements relevant to the content of the paper. We are also able to determine the form of the function that coincides with its reduced linear c-shift operator. At the end of the paper, we pose an open question for future research.
Introduction and results
At the outset, we assume that the readers are familiar with the standard notations and basic results of Nevanlinna's value distribution theory (see [6, 14] ). Let f be a nonconstant meromorphic functions defined in the open complex plane C.
We recall that T(r, f ) denotes the Nevanlinna characteristic function of a nonconstant meromorphic function f and N(r, 1 f -a ) = N(r; a; f ) (N(r, 1 f -a ) = N(r; a; f )) denotes the counting function (reduced counting function) of a-points of a meromorphic function f .
We need the following definitions and notations. Then we say that f and g share the set S CM ( IM) if E f (S) = E g (S) (E f (S) = E g (S)).
When S is a singleton set, the definition coincides with the traditional definition of value sharing.
In 2001, Lahiri [8, 9] introduced the definition of weighted sharing, which plays a key role in uniqueness theory as far as relaxation of sharing is concerned. In terms of Definition 1.1, weighted sharing of sets can be expressed as follows. Definition 1.2 ([9] ) Let p be a nonnegative integer or infinity. For a ∈ C ∪ {∞}, we denote by E p (a; f ) the set of all a-points of f , where an a-point of multiplicity m is counted m times if m ≤ p and p + 1 times if m > p. For S ⊂ C ∪ {∞}, we define E f (S; k) = a∈S E k (a; f ), where k is a nonnegative integer or infinity. If E f (S; k) = E g (S; k), then we say that f and g share the set S with weight k and write it as (S, k).
Clearly, E f (S) = E f (S, ∞) and E f (S) = E f (S, 0). Let c be a nonzero complex constant, and let f (z) be a meromorphic function. The shift operator is denoted by f (z + c). Also, we use the notations c f and k c f to denote the difference and kth-order difference operators of f (z), which are defined respectively by
Carefully observing the definitions, we see that all the variants of difference operators are nothing but linear combinations of different shift operators. So generalizing k c f , it will be reasonable to introduce the linear c-shift operator L c f = L c (f )(z) as follows:
where a j ∈ C for j = 1, 2, . . . , k with a k = 0. For convenience, putting a k = b k , a k-1 = -b k-1 , . . . , a 0 = (-1) k b 0 , where b i are nonzero complex constants with k j=0 (-1) k-j b j = 0, we get a special operator denoted by L r c f = L r c (f )(z) and call it the reduced linear c-shift operator.
Putting Considering f (z) = e π iz , Zhang and Liao [15] showed that though f (z) and 1 f share 0 CM, Theorem C ceases to hold. From the next example we easily see that in Theorem C, two value sharing cannot even be replaced by one "nonzero" value sharing.
In fact, we can easily form the following series of examples, rather to say counterexamples, which fortify the fact that in Theorem C, two value sharing cannot be replaced by one "nonzero" value sharing. We note that in Theorems A, B, and C, researchers are engaged in finding the uniqueness of a function with its first difference operator, but all are practically tacit about higherorder difference operators.
Recently, for meromorphic functions, Jiang and Chen [7] obtained an analogous result corresponding to Theorem C. The prime intention of this paper is to improve this theorem for the reduced linear cshift operator. In fact, we have further relaxed the condition over poles in Theorem D. First, we state the following theorem, which improves Theorems C and D. 
Recently Lu and Lu [10] removed the restriction "σ (f ) is not an integer" in the theorem and proved the following result.
Theorem F ([10]) Let f (z) be a transcendental meromorphic function of finite order, and let c ∈ C be a constant such that f
Considering Theorems E and F, it will be pertinent to extend the theorems in the direction of Theorem 1.1. In this respect, in the following theorem, we see that at the expense of allowing the sharing of {∞} along with the two shared values in Theorem 1.1, we have been able to remove the inequality and withdrawn the restriction over the sharing values to be nonzero. 
When k is an even integer,
, where c is a nonzero constant.
When k is an odd integer, α i , i = 1, 2, are the roots of the equation z 2 -2z -1 = 0 for choosing b 0 = 1 2 , b 1 = 1, b 2 = 1 2 , and b i = 0 for 3 ≤ i ≤ k. When k is an even integer, α i , i = 1, 2, are the roots of the equation z 2 + z = 0 for choosing b 0 = 1, b 1 = 1 2 , b 2 = -1 2 , and b i = 0 for 3 ≤ i ≤ k. Clearly, in both the cases, we have k j=0 (-1) k-j b j = 0 and L r c f = f (z).
In the next example, we see that Theorem 1.1 is not valid when f and k c f share only one finite complex number. where A, B, d , and c are nonzero constants, and let P(t) is a polynomial in t = sin 2 ( π z c ) or cos 2 ( π z c ). Then for each k, we have k
.
The following example shows that in Theorems 1.1 and 1.2 the relation f ≡ c f does not hold for a function f of infinite order.
Here we see that f and c f (z) share two nonzero values (A + 1) + √ A + 1 and (A + 1) -
The next counterexample is an extension of this example for any k c f .
Here we see that f and k c f share two nonzero values
In view of Theorems 1.1 and 1.2, it is interesting to investigate the conditions under which the conclusions of Theorems 1.1 and 1.2 hold when sharing of the values a and b are relaxed from CM to IM. In our next two theorems, we deal in this regard. The following example shows that in Theorem 1.1 or Theorem 1.2, two finite value sharing cannot be replaced by sharing a set containing two elements for L r c f = k c f .
, where c, λ are constants such that λ k+1 = -1.
Then
Clearly, f and k c f share the set {ω p , ω p+2 n-1 }, where ω = e 2π i 2 n , and n and p are two integers such that g.c.d.(p, 2 n ) = 1. Here f ≡ k c f .
So it is also interesting to see whether the two value sharing results concerning the uniqueness of f and k c f can be extended up to two set sharing. In this respect, we have the next two theorems, where the functions f and k c f share two sets. 
, where c is a constant, and for ζ = cos 2π n +i sin 2π n , λ is a root of the equation ζ n-1 z 2s -(ζ 2n-2 +1)z s +ζ n-1 = 0. Then clearly, Based on Theorems 1.5 and 1.6, it is relevant to investigate whether analogous results can be established by replacing two shared set problem with one shared set together with one shared value. In this regard, we have the following results. However, in the following theorem, we will show that to replace an entire function by a meromorphic one, the set S 2 must contain two elements. As c f and k c f are nothing but the derivations from the shift operator f (z + c) of the function f , it is interesting to explore whether analogous result corresponding to Theorem 1.1 can be obtained when f (z) and f (z + c) share a set with two elements.
The following examples show that like for the difference operator, it is again not possible for meromorphic and entire functions. So we have the following results analogous to Theorems 1.7-1.8. 
Lemmas
In this section, we present some lemmas, which will be needed to proceed further. Proof From the definition of L r c f we have
By Lemmas 2.1 and 2.2 we have n j=1 m r, ) Let F and G share (1, 2) . Then one of the following cases occurs:
(i) T(r, F) ≤ N 2 (r, 0; F) + N 2 (r, 0; G) + N 2 (r, ∞; F) + N 2 (r, ∞; G) S(r, G) , the same inequality holds for T(r, G);
(ii) F ≡ G;
(iii) F.G ≡ 1.
Lemma 2.10 ([1]
) Let F and G be nonconstant meromorphic functions defined in C such that they share (1, 1) , and let
Then T(r, F) ≤ N 2 (r, 0; F) + N 2 (r, ∞; F) + N 2 (r, 0; G) + N 2 (r, ∞; G)
Proofs of theorems
Proof of Theorem 1.1 Assume that f ≡ L r c f . Using Lemma 2.7, we have
From (3.1), in view of Lemma 2.3, we have
As Note that
So in view of the first fundamental theorem, (3.4), (3.5), and Lemmas 2.2 and 2.7, we get m r,
In a similar manner, we can show that Integrating we get
where C 1 is a nonzero constant. In a similar way, we can get
where C 2 is a nonzero constant. If either of C 1 = 1 or C 2 = 1, then we are done. If C 1 = 1 and C 2 = 1, then from the last two equations, after simple calculations, we get
If C 1 = C 2 , then f is a constant, a contradiction. Therefore C 1 = C 2 , and hence C 1 (ab) = (ab). As a and b are distinct, we have C 1 = C 2 = 1, and so f ≡ L r c f . 
Here we can prove the theorem in the same way as in Theorem 1.1. So we omit the details.
Case 2. Let ab = 0. Without loss of generality, we suppose that b = 0. Let us consider the function
(3.14)
Let z 0 be a zero of fa or that of f of multiplicity p. As L r c f and f (z) share (a, ∞) and (0, ∞), clearly, a-or 0-points of f will not be poles of Φ. Noting that f is a transcendental meromorphic function, each zero of f of multiplicity p will be a zero of Φ of multiplicity ≥ p. Similarly, any pole of f of multiplicity q would be a pole of L r c ff of multiplicity s ≤ q and hence a pole of Φ of multiplicity q + s -2q ≤ 0. It follows that Φ has no pole. Also, from (3.14), Lemma 2.2, and the first fundamental theorem we have 
Again from Lemma 2.2 we note that Proof of Theorem 1.
3 Assume that f ≡ L r c f . For two complex constants a and b and two nonconstant meromorphic functions f and g, by N(r, a; f | g = b) (N(r, a; f | g = b)) we mean the counting function of those a-points of f that are (not) the b-points of g, where an a-point of f is counted according to its multiplicity. Again for a positive integer s, by N(r, a; f |= s) we mean the reduced counting function of those a-points of f that are of multiplicity exactly s.
As L r c f and f share (a, 0) and (b, 0), we see that an a (b)-point of f whose multiplicity is greater than that of L r c f is counted at least once in N(r, 1 
